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Abstract 



CN ' A derivative expansion technique is developed to compute functional deter- 

minants of quadratic operators, non diagonal in spacetime indices. This kind 

of operators arise in general 't Hooft gauge fixed Lagrangians. Elaborate 

'""' ' applications of the developed derivative expansion are presented. 
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I. INTRODUCTION 

A very powerful mathematical technique, that is used in many areas of theoretical 
physics, is the heat kernel expansion of a quadratic operator. It became very significant 
because it can help us to calculate quantum corrections in quantum field theories and in 
quantum gravity. 

The transition amplitudes are calculated in terms of a perturbation expansion. If the 
path integral has a saddle point then we can perform a functional Taylor expansion around 
it and keep the terms up to second order. Saddle points are the solutions of the classical field 
equations which dominate the path integral. In this way we find the one loop corrections as 
a function of the determinant of the quadratic fluctuations of the quantum fields. 

The derivative expansion presented here extends the work of I. Moss, D. Toms and S. 
Poletti 0, [§]• Their expansion is a modification of the heat kernel asymptotic expansion. 
They expand in powers of covariant derivatives. 

The derivative expansion method is very useful when we want to evaluate one loop 
corrections, in cases where the background field is not constant. This is indeed the situation 
for the soliton solutions, as well for the tunneling rates where the instanton solution is a 
function of the Euclidean space coordinates. Recently theories that predict non topological 
soliton solutions have attracted the interest. Similar expansions need to be performed in 
order to study the fate of these non trivial time independent classical solutions when quantum 
corrections are considered ^, 0, f^, p. 

A more general version of the derivative expansion method is developed. This can deal 
with an extended number of operators, non diagonal in spacetime indices, covering all the 
interesting ones in gauge field theories. The new formalism can deal with all the gauge 
choices, in 't Hooft gauge fixing. It is thus very useful when we want to study the gauge 
dependency of the various results. 



II. THE DERIVATIVE EXPANSION 

Heat kernel expansions and the similar derivative expansions are useful when the back- 
ground field or fields are not homogeneous. In the conventional estimations of the first 
quantum corrections, for example in the one loop effective action, we assume that the clas- 
sical scalar field (the vacuum expectation value) is constant. In the case that this is not 
true, derivatives of the background field do not vanish resulting in the appearance of extra 
kinetic terms in the Lagrangian. In this case we have to deal with second order operators 
of the form 

^ = -V'^ + X (1) 

where V is the covariant derivative associated with the group symmetry and X a matrix in 
the same space with the group structure. 

The heat kernel i^(x, x',t), (x represents a spacetime point and t a positive parameter) 
is a quantity that helps to deal with the eigenvalues of the operator. If ^^(x) are the 
normalized eigenfunctions of the operator A, with corresponding eigenvalues A„ , the heat 
kernel can be expressed as 

ii'(x,x',t) = 5^iz„(x)ttz„(x')e-""* (2) 

n 

It is related with another useful quantity, the generalized C, function 

C(x,s) = J]A- (3) 

n 

in the following way : 

C(x,s) = -— / rftt^-Hr[ir(x,x,t)] (4) 

for s > d/2, (with space dimensions d ). It can also continued analytically at s = 0. The 
above defined functions -/^(x, x', t), C(x,s) are useful in computing one loop quantum correc- 
tions since the functional determinant of the relevant quadratic operator can be expressed 
as: 



det A = TT Xn = exp — / d'^x C'(x, 



,0) 



(5) 



with 



CV.O) = %^ |,.„ (6) 

The derivative expansion I closely follow, suggested in 0], is based on a different expan- 
sion from that in Eq. |^. The expansion can be written in powers of covariant or ordinary 
derivatives 

tr[ir(x, x,t)] = (47rt)-^/2 J^ M^,t) (7) 

i 

where Ai{'x,t) is a function carrying i derivatives of X. The derivative expansion is a local 
expansion which sums contributions of a given number of derivatives to all orders contrary 
to the heat kernel expansion which sums different number of derivatives order by order 
and therefore has, in some cases, worst infrared problems. These functions Aj(x,t) can be 
computed using the heat kernel equation expanded in the momentum space. The heat kernel 
equation 

dK 

can be written as 

f d^x [P + X{k, x)] ir(x, x', t) e-''=("-"') = - K{k, x', t) (9) 

where K{k, x', t) is the following transformation of -ft'(x, x', t) , 

K{k, x', t)= f d^x e-*^^''-^') ir(x, x', t) . (10) 

We also expand in powers of usual derivatives 

ir(/c,x,t) = iro(A;,x,t)^a„(fc,x,t) , ao = l, X = ^X„, (11) 

n n 

where X„ is the part of the quadratic terms carrying nth order derivatives or in other 
words the nth order kinetic terms while Xq contains the mass terms. Kq is the part of the 



heat kernel with no derivatives and a^ is the part of the heat kernel that carries nth order 
derivatives divided by Kq. 

We can now express the functions An{x,t) in terms of the new defined functions a„. 
From expressions Eq. |^, Eq. |10| we get 

A„(x, t) = (47rt)'^/2 f ^^^^) ti[Ko{k, x,t) a„(fc, x, t)] (12) 

The next step is to develope an iterative scheme which will give the first terms of the 
expansion, in powers of covariant or ordinary derivatives of the relevant operator. 

III. GENERALIZED METHOD 

In the previous section we described the first common steps between the derivative ex- 
pansion method developed previously [^, 0], for operators of the form A = — V^ + X , 
and the generalized method presented here. The old method is not applicable in the case 
of some quadratic operators we encounter in gauge field theories. The reason is that in 
different gauges than the Feynman one, we get operators of the following form 

A = -6;V' + (1 - r')^,^ + X6; (13) 

The material below is a generalization of the derivative expansion method in order to handle 
the quadratic operators in 't Hooft gauge fixing. We avoid describing in great detail the 
derivation of the various expressions. The reason is that the algebra is too lengthy to be 
presented. 

The heat kernel equation of the above operator can be written in the momentum space, 
after a Taylor expansion of X{k,x.) , in powers of x — x' = x^ — x'^ around X{k,x.'), as 
follows 



oo 

s;k' - (1 - r')A:,r + 5;J2 -,x,,,...,r'-^' 



r=0 



K(A;,x',t) = -ir(A;,x',t) (14) 



where 6^ = i d/dk^ is the transformed x^ — x''^ . We define 

PH = 5;- %k^ Ql = k.k" (15) 



where 



Kk' = -^ (16) 



It is obvious that 



PQ ^ p;:q\ = p; + Qi = s; (i?) 

Performing the derivative expansion approximation we find from Eq. 0, at zero order 

Kq can further be written in terms of the eigenvalues mj of the matrix Xq and the matrices 
Tj, which are defined by 

Xo = J]m?T, (19) 

Using expression |TB|, a recursion equation can be obtained 

an=- J2 J2^^^^^^^'^^-'^rTje-("'^-"'"yD^\..D^^a^.r-s. (20) 

o< 

where 



T ! 
0<r+s<n i,j 



D' = 5;^^ - r^ = 5;: 5'' - r;:- (21) 

The connection term is 

p.p = r" = 2zFt (P + r'Q) - ^^^'"^ (1 - e(^-^''>'') - iQP'" (-1 + e(-^+«"')''*) (22) 
where 

p.P ^ p.P = _^ (23) 



The following relations are very helpful to proceed further into the algebra of the iterative 
scheme. 

Zeroth order : 



PP = P. QQ = Q . 



(24) 



First order : 



pp,P + p,Pp = p,P tr [PP'P] = tr [P'^] = 



(25) 



Second order : 



tr [P'fP^^] = ^P""- tr [PP^^P^"] = l^PP" 



(26) 



also 



tr [P'^'^] = 0. tr [PP'P""] = -T^P^'". tr [PP^PPP'^] = 



2 



(27) 



Terms including Q are 



P'p = -Q'P. P^P^ = -Q' 



(28) 



and 



tr [QP'P] = 0. tr [QP'PP'''] = ^P"". tr [QP^p"] = ^P"" 



(29) 



tr [PP'PQPn = —PP". tr IQP'PQP'"] = 



(30) 



For the terms containing F we find that 



tr [PF'^F''"] = -4Frt2(trP) - — P^'" [cosh {P{-1+C^)t) - l] 



(31) 



tr [PF'^"] = 2i6P''t (trP) - iT^P^" 



,fc2(i-r^)t _ 1 



+'^^'° 



,fc2(-l+5-l)t 



-1 



(32) 



for the matrix Q 



tr [Qr-'T'"] = -AkPk^eC^ - —PP" [cosh {k'^{-l + C^)t) - l] 



(33) 



tr[QP 



■Po-l 



2i8P''tC^ + i—PP'' 
k^ 



,fc2(l_5-l)t _ ^ 



k^ 



^fc2(5-l_l)t 



(34) 



The recursion equation ^, leads to an iterative scheme with which we can evaluate the 
first terms in powers of ordinary derivatives of the heat kernel. In the first iteration we get 



ai=r''^T,Xo,pT,el 



mf—mj )t 



VT.XiT^eH-™')* 



«j 



hj 



(35) 



and after an integration from t = to t = oo we find 



-^{P-Q)P'"Y,T^Xo,pT,g,,+ 



«j 



+i ^ TiXo^pTj 



«j 



-gP'^^(m2-(l-^-i)A;2) 



(36) 



where 



/(m^) ^ Ut) = ^g,,{t) 



2^uv"y' m^ = ml-m] 



g{m')^g^^{t)=m-^{e^''-l) 



(37) 



(38) 



The lengthy evaluation of the second term 02 is described in Appendix B. 

Finally after considerable cancellations, we find through the expression Eq. |12| that for 
a 't Hooft gauge fixing the first terms of the derivative expansion are: 



Ao = (47rt)'^/2 ^^^p ^ ^d/2^ ^(^) Y^^^ ^j..) g- 



■mft 



(39) 



where 



K{t) = / dfi{k) e 



-kH 



(40) 



The term Ai does not contribute in the effective action, in our case, because leads to a total 
divergence. 

A2/{47itY/^ = -\e (trP + r'+'/') ^tr(T,V^V^XoT,) K.,{t) - 



where 



--t^tr (T.V^V^XoT,) \K,{t) - Kf\t) 



(trP + r'+'/') K{t) J2^T{T,V,XoT,WXoT,)7],,{t) + 



*j 



+1 (^i^(t) -;^«)(t)) J2^T{T,V,XoT,V^XoT,)x^At) + 
+K{t) (trP + e^/2) J2 tr (T,XiT,XiT,) x^At) + 



*j 



+7Tj]tr(T,V^XoT,-V^XoT,; 



»j 



J 



+ 731 '^yW 



i^^(t) 



c//i(A;) e-'=*e-™'* = ir(t)e 



-nift 



(41) 



(42) 



and 



i^.(t) 






k'^t ^—rnjt 



K{t)e 



-mjt 



^^M = o / Mk) 



k- 



+ - / dji{k) 



^2 + p(l_^-l)%W + 



m2 + A;2(l-f 



:TV%(^) 



(43) 



(44) 



^'^^'^ = l^ I ^^^^^ -m2 + P(l-e-^) [^^^-('^ - ^^■^^')] + 



O 2 /' ^/^(^) 



(1 
A;-2 



m2 + A;2(l-e 



Vij{t) 



+2y^^^^^ m2+P(i-e 

9 



:Ty[O.W-0.(t)] 

[-0,(t) + C,.(t)] + 
:TT[0,(t)-0.(t)] 



(45) 



(46) 



also 



r]ij{t) = -m-"^ ( 1 + -mnA (e"™?* - e"'"'*) - -m-H (e"'"?* + e""?*) (47) 



X.,(t) = -V2t(e-™?*-e-'"?*) (48) 

In the case that i = j 

Vuit) = ^t^e-™?* , xdt) = ^t^e-"?* (49) 

The above results in the Feynman gauge ^ = 1 , reduce to the respective expressions, in [Q . 
We should ignore the spacetime indices if the operators do not carry such indices, otherwise 
we should take in account them, assuming that the traces in the respective equations in , 
are also over spacetime indices. 

The above developed expansion formulae can also be given in a different and more lengthy 
in our case form, using the covariant derivatives P^ instead of the simple derivatives V^ . 
The above expansion can be carefully transformed in the covariant form in a similar way 
with that proposed in [Q. 

Note that 

For^ = l K{t)=K^^\t) and Aij(t) = /i.y(t) = //^^(t) = 

and 

For ^ = K^^\t) = and Xij{t) = fiij{t) = Uij{t) = 

Note that one can prove, in order to test the vahdity of the developed expansion, that the 
derivative of the corrected effective action with respect to the ^ parameter, evaluated at 
^ = 1, is zero. Thus small deviations from the Feynman gauge leave the calculated corrected 
action invariant, as one should expect. 



10 



A. Landau gauge 



The derivative expansion in the Landau gauge ^ = reduces to the following equations : 
Ao = (47rt)'^/2 (^^p) ^(^) J2 tr (T,) e"'"'* (50) 



A2/(47rt)^/2 ^ _1^2 (trP) ^tr (T.V^V^XoT,) i^,(t) - 

j 

-^t^tr(T,V^V'^XoT,) K,{t) + 

i 

+ (trP) ir(t) 5^tr(T,V^XoT,V^XoT,)r7,,(t) + 

+^K(t) 5^ tr (T.V^XoT.V^XoT,) x.,(t) + 

+K(t) (trP) ^tr (T,XiT,XiT,) x,j(t) (51) 



*j 



B. Finite temperature corrections 

In some stages of the early Universe evolution, we often expect the particles to be in 
thermal equilibrium. Therefore a field $ can be in contact with this heat bath. The result 
is that it gets a temperature dependent mass. Since we deal with an ensemble of particles 
in thermal equilibrium, the background state in which we perform calculations is no longer 
the ground state of the Hamiltonian but a thermal bath at temperature T. To study this 
situation is essential to use a statistical quantity, the finite temperature effective potential 
V($,T). This is the free energy density associated with the $ field. At T 7^ quantum 
statistics is equivalent to Euclidean quantum field theory in a space which is periodic with 
period [3 = 1/T along the "imaginary time" axis. Thus we can write the partition function 
Z as 

Z = J2< "^(x), t = I e^'^^ I <l>(x), t = 0> 

oc IV[<^]exp{l dr fd^xC} (52) 

11 



where the integral is periodic with period depending on the kind of statistics the particles 
obey 

bosons : 0(r = 0, x) = 0(r = /3, x) (53) 

fermions : '?/'(r = 0,x) = — V^(r = /3, x) (54) 

The fields here represent ensemble of particles in local thermal equilibrium. These ther- 
mal averages vary over space. The short discussion we had, implies that the integral measure, 
in momentum space, becomes 

I dm fik\ k^) - E r ^ / ^ / {k\ ?^^) (55) 

where s = for bosons and s = 1 for fermions. We need to calculate now the C'(^)O) function 
in order to find the one loop corrections through the expression Eq. |^. The (^'(x,s) can be 
written as the sum of terms C,'n{yi,s) with different number n of derivatives. 

1 /"°° 

C(x,s) = ^y^ dtf-\i[K,a^] (56) 



The above expression together with the developed expansion, see Eq. ^, 0, contains all 
the information needed to find quantum corrections at finite temperature. The one loop 
contribution, at finite temperature, is given by the following expression 



r(i) = ^ / rf^x 



^C'(a:,0) 



(57) 



It is straightforward to find, but lengthy to present, the temperature corrected expansion 
in 't Hooft gauge. In the previous work ^ the temperature corrected expansion was given 
in Feynman gauge while here is given, for comparison, in Landau gauge. The way we can 
calculate this expansion for bosons and fermions is described in appendix A. 



C'2(x,0) = (trP)Etr[T,V^V^XoTi]p:(0) + 

i 

+ Etr[T,V^V^XoTi]^,(0) + 
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+ (trP) J]tr[T,V^XoT,V'^XoT,]r/;.(0) + 
+ 5^tr[T,V^XoT,V'^XoT,]x;(0) + 

ij 

+ (trP) J2 tr[T,XiT,XiT,]x:,(0). (58) 

The new functions, we introduce, are given below, in the high temperature {m/T < 1) 
regime and for bosons, 

Pm ^ -^rar' (59) 

^'.(O) ^ -^mr' (60) 

„'.('0)~ ^^^ ^- — (61) 

''^^ ' 19271 mimjinii + TTij)^ ^ ' 

X:,(0)^|^(m, + m,)-i (62) 

One should note here that, the finite temperature effective action is not well defined 
because of the nonanalytic behavior of the two point functions involved. This problem 
becomes manifest from the different results we get, taking different order of zero limits of 



the four external momenta fT^- However it can give a correct approximate estimation of 
the critical temperature. As far as the nature of the transition is concerned, something that 
would be crucial for the cosmological electroweak phase transition [|1^ , the various proposed 



improved methods do not seem to agree |18 



IV. SCALAR ELECTRODYNAMICS 

In this section we will apply as an example, the derivative expansion method we just 
described, in the toy model of scalar electrodynamics. For loop corrections of this model see 

il, [il- 
ls 



The Lagrangian can be written as the sum of the physical and the ghost contributions. 

*-' '~'phys ~r l~'ghost \ / 

This model just has a charged scalar field and an electromagnetic one. 

-^^{d,A''-iq<Pci^if (65) 

where 

$ = i=(0,,+ 0i+^02) (66) 

The U(l) covariant derivative is 

D^ = d^ + iqA^ (67) 

and the electromagnetic tensor 

F^^u = d^A, - d,A^ (68) 

Since we want to find the quadratic part of the Lagrangian we expand the expression 
Eq. ^ and drop total divergences. We get 

1 ' 2 I -*- \ i2 I t^2 j2 \ j2 



i [(1 - r')A''d,d^A, - A'^S'^d^d'A, + q'<PlA'^A,] - 
-2zg02^'^9^0d + c [-d'^d, + eg Vd] c (69) 



It can be written as 



where 



Cguadr = -^Vl ^""X + ^ ^ghostC (70) 
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and 



Vl= [ A, 01 02 



^KiA) X,,^ 



^'. 



Afi 
The off diagonal entries are the non zero kinetic terms. 



(71) 



(72) 



Xi^ = 2iq d. 



',i(Pd 



(73) 



The ffuctuation operators are 



A^ = -V^ + X. 



(74) 



with 



Xa 



The gauge field operator is 






and the ghost one 



^ /i^ + !A0.^, ^ 

y /i^ + iA02, + egV^, ^ 



-5;:v^ + (1 - r') v,v^ + ^^0,^;: 



A,, = - V^ + ^q'<Pl 
So the quantities we need for the formalism of the derivative expansion, are 



Xo 



' S^^mf 
ml 
ml 



(75) 



(76) 



(77) 



(78) 



X, 



^ Xi^ ^ 


yx- J 
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(79) 



with masses 



2 2/2 2 2|'^\i2 2 2|-'-\i2|,>- 2/2 



(80) 



The projection matrices are 



'10 0^ 



Ti 





Since now the matrix X is 



V 



X 



'000^ 
T, = 10 




m^ 



\ 



T, 



/ 







\ 













V 





V 



V xr mi y 

it is trivial to see that here we should introduce the following definitions 



TV" 



' P„^ 0^ 
1 
1 



p;ti + T2 + T3 



(81) 



(82) 



(83) 






^ Q^^ 0^ 





QIT, 



(84) 



It is obvious that W and OJ;^ satisfy similar expressions to P^ and Q^ 



n;e^ = o, n;: + e;: = ra+T2 + T, 



njn^ = n;: eje^ = e; 



(85) 
(86) 



The important expressions are, 



tr [n T'^"] = 2i5P''t [tr(P )Ti + T2 + T3] - i—P'P^Ti 



,fc2{l-rl)t 



+z-P'--Ti 



,fc2(-l+5-l)t 



(87) 
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while for the matrix O^ , 



tr [er'T'"] = -AkPk^t^C'^Ti - T^P'^'Ti [cosh (A;2(-l + ^-i)t) - l] 



Proceeding as before, the first terms of the derivative expansion are: 



Ao = (47rt)^/2^(t) J]tr (T,) e"'"?* (5,itrP + 5,2 + fe + 5^^'"'') 



(88) 



(89) 



^/(47rt)'^/2 ^ _ 1 2 ^ ^^ ^y^^^^^^^y^^ 1^^^^^^^ ^ ^^^ ^ ^^^ ^ 5,ir'+'/') ^.(t) - 



--t^tr(T,V^V^XoT,)5,i [ir,(t) -irf)(t) 

i 

+ K{t) Y,iT{T,V,XoT,V^XoT, 



5iitrP + 5-12 + (5i3 

+ 1 (i^(t) -ir«)(t)) 5^tr(T,V^XoT,V^XoT,)(5aX.,(t) + 
+ir(t) 5^tr(T,XiT,-XiT,)(5,i + 5,i) [trP + e'^/^] ;^,^. (t) + 



^^(t) + 



»j 



+ -5^tr(T,V^XoT,V^XoT,; 



«j 



tAjj(t) +;Ujj(t)+ 
+|ri'^y(^) 



(5ii 



The only non zero combinations are 



2N2, 



TiS^XoTiS'^XoTi = (9'^m2)'Ti, T^S^XoTsS'^XoT^ = (9''m2)'T2 



2\2, 



Ts^^XoTsS'^XoTa = (9''m2)^T. 



and 



T1X1T3X1T1 = -4g2 5^0^, 5>,; Ti, T3X1T1X1T3 = -4g2 5^0^, 5>,; T3 



(90) 



(91) 



(92) 



T39^9^XoT3 = 9^9'^m2T3 



T29^9'^XoT2 = a^9''m2T2 



(93) 
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Now we can calculate for this model, the one loop effective action with non constant 
background field (pci ■ One can choose a value for C, and proceed further. Results are known 



in Feynman gauge [22], [21|, so we will present the results in Landau ^ = gauge. 



Ao/iAnty/^ = (5atrP + 5,2 + 6,,) K{t) J^tr (T,) e"" 

i 

A2l{ATxtf^ = -\t'Y.^r (T.V^V^XoT,) (5,itrP + 6,2 + 5,3) Ki{t) 



(94) 



--ttr(riV^v^Xori) Ki(t) + 



+K{t) J2 tr (T, V^XoT, V^XoT,) (5,itrP + 6,2 + fe) Vn{t) + 



+^K(t) tr (TiV^XoTiV^XoTi) xii(t) + 

+K{t) 5^tr(T,XiT,XiT,)[(5a + 5,i)trP] x.jW 

In four dimensions we have that 

K(t) = I dfi{k) e 



(95) 



«j 



-fe2i 



167r2t2 



ir(t) 



-00 



'^^^) F^"^' = Tek 



(96) 



(97) 



Using the values of some useful ('{m^p, s) functions we calculated in Appendix A, and the 
above integrals, we can find the one loop action including the kinetic terms of the background 
field. We get 

^^^^ln(g)-^Aln(j 



a(x,0)= 0.^0::, + (0^,) 



19271 



+ 



+ 



^l 



Klf 






127r^ ^ mi 256tt^ m: 



X'^+ 



^ vfic^S X 



2 1 



7687r' 






2L(m2)-L(m2) 



^ly 



il-ml) 



-m\ + m\ In 



-m^ -)- 77i2 iji ( .::^ 



/^ 



(98) 



and 



Co(^,0) 



IGtt^ 



[3L{ml) + L{ml) + L{ml)] 



(99) 



where 

L(m2) = CW,-2,0) = V[^-ln(^^^ 
Finally, the one loop corrections to the tree action are kinetic terms 



(100) 



^(1) 



d X 



-^c;(a:,o) 



;ioi) 



and potential terms 



^(1) 



d^x 



-2Co(a^,0) 



(102) 



In Feynman gauge the results look different, i.e. there is a ^ dependence. 



(2(2:, 0) 



^cl (l)cl + 



^'.f 



1 g2l^M\_ 1 ^1^ 
in'' ^ \^^R J G4TT'' 

^ (A + 4g2) In 



t^R 



+ 



^l {<P'clf 






1927r2 



.2y z:^ T^ 



Mfl 



+ 



3_\2 1 



■i-K^^ m{ ' 2567r- 

+ ^(A + 4g 

3[L(m|)-L(m2 
4 



A^^+ 

2\2 1 



— m^ + ml In 



Mij 



while the ghost contribution is 

C?^-*Hx,0) 



(m2-m2) 



^cl €1 



-rni + rrio In 



q^ 



+ 



^e^. (0^J' 



q 



487r2 
4 1 



m2 



rrii 



ln( ^ 



487r2 mf 



(103) 



(104) 



and 



Co(^,0) 



IGtt^ 



[4L(m2) + L( 



rrio 



L{ml)] 



(105) 
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J (ghost) 



C"-^^(x,0) 



IQlT' 



L{ml) 



(106) 



The one loop corrections to the tree action are the kinetic, 



^(1) 



d X 



'^C;(x,0) + C?''-')(a;,0) 



(107) 



and the potential terms 



^(1) 



d X 



-^c;(x,o)+cr-*)(x,o) 



;io8) 



The ^ dependence of both the kinetic and potential terms is profound. This dependence 
should cancel out for a given solution that extremises the effective corrected action. Such a 
solution is the bubble one which is known only numerically. 

V. FULL ELECTROWEAK MODEL 



In order to convince the reader for the power and the range of applicability of the 
described method we present the evaluation of second order derivative terms for the full 
electroweak theory, around a non constant backgroung scalar field. Recent works, performing 
derivative expansions, set the Weinberg angle to zero P-|Tl||, in order to simplify the group 
structure of the quadratic operator. 

The classical Lagrangian for the Higgs field in the electroweak model is given by 



Cs = -(D^ViD^) + /x2$t$ - A($^<l>)^ 



(109) 



with $ the following SU{2) doublet 



$ = — 

V2 



V 



^1 + i^2 

ip3 + iip4^ 



;iio) 



Gauge covariant derivatives will be written in the form. 



D^ = V,--^gA,aT'', 



;iii) 
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where 

T'' = a^ for a = 1,2, 3, 

T'' = tl for a = 4. (112) 

The first three generators are Pauh matrices and the fourth is equal to the unit matrix / 



multiphed by the tangent of the Weinberg angle ||12|,^3|. The SU{2) coupling is g and the 
[/(I) one g . 

t = ^ (113) 

9 

Group indices will be raised with the metric 25"'' and lowered with the metric ^Sab- 

We focus on one real component 0, 

and calculate the effective action F [</>]. 

The effective action will be expanded in powers of h, (3 and V0. First of all the effective 
Lagrangian including derivative terms up to second order can be expressed as ||2Cm , 

/: = -^Z(0,T)(V0)2-y(0,2-)- (115) 

The h expansion takes the form, 

Z(0,T) = 1 + Z«(</),T) (116) 



1^(0, T) = -i/.V + \m' + V^'\ct^,T) (117) 



The radiative corrections to the effective potential are well known up to this order |14,15 
In the region of the potential where tunnelling is important the effective Higgs mass is small 
and the radiative corrections are dominated by the vector bosons and the top quark, 0,0]. 
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A. Zero temperature 

We use an improved method for calculating the effective action which includes a quadratic 



source |jT6|]. This adds a term 

k = -0- V(0) (118) 

to the Higgs masses, making them positive, but does not change the vector boson mass 
terms. At order h, the effective action is given by 

r[0] = -logdet Afe -logdet Ag;, - -logdet A/ - -tviA^^k), (119) 

where Af, is the fluctuation operator for the boson flelds, Agh for the ghosts and Aj for the 
fermion flelds. 

The gauge is flxed by the 't Hooft R^ gauge flxing-functional J-'. We will use 

^„ = V • A, + -^e^(<|tr,<l> - <l>tT,<l). (120) 



The gauge-flxing Lagrangian is 



^9f = -^•^'^•^" (121) 



The cross term of the gauge-flxing term ig {d^A"''^) $"''Ta<l> cancels a part of the cubic term 
2ig{d^^'^)Ta^ A""^ that appears from the kinetic term with the covariant derivatives of the 
scalar flelds, after the symmetry breaking. 

The quadratic term of the electroweak Lagrangian can be written as 

C-quad = 2^'^^b V-C Agh C (122) 

where 

V'=yA>t Af^ A^ A^ <^i (^2 ^3 <^4 ) (123) 

and 
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Ai^A 



^(6) 



^MA) ^^t^ 



V 



xr A, 



(124) 



/ 



The off diagonal entries are the extra Icinetic terms. The ffuctuations operators are 



A. 



- V + X. 



(125) 



Aa = a;;(^) 



5X + (i-rov,v^ + M 



(126) 



A,/. = -V' + eX^ 



(127) 



Let's work out to find the scalar quadratic term. The scalar quadratic part of the gauge 
fixing term becomes 



Y^g'lio 0)T, 



^1 + iV2 



V 



ips + iip4 



(0 0)T'^ 



(0 0)T„ 






V 



V^3 + ^V^4 



/ ^ ^ 

/ 

V 



((/?! - iip2 ip3 - I^a) Tc 



Vl + «V^2 











(0 0)T° 



+ {if I - iip2 ips - i^Pi) Ta 



^/[0V? + 0V2+(1+^ 



V0y 

2\ J,2,„2 



+ 



/ 



V93 + iv94 

(V9i - iip2 V^3 - ^V^4) T"- 



'o^ 



VI 



Therefore 



X, 



0(fe) 



92\/ e 



-y [0V?+0V2+(i+^ 



2\ J,2,„2 



d(f)id(f)j 4 



l^V' ['^ll + '^22 + (1 + t^)S44] + HSu + ^22 + S33 + 844) 



the value of k is 



:i28) 
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k = -X(j)^ + /i^ 



(129) 



Thus the eigenvalues are 



m^ = rrit. 



m 



7^9 



2 J,2 



rriy 



2A02 



l^sHi 



t 



2\i2 



(130) 



There are more eigenvalues of Xq, coming from X^. They can be evaluated in the same 
way from the quadratic interaction terms with the gauge fields A^. 



1 1 

2 2 ■■- 2i2 2 -"- 2/1 I j.2\ J 2 2 n 



It is easy to see that the Tj matrices of the expansion, Eq. |T^ are 







/ 1 ^ 



Ti = , T, 


0/ 

/^ ^ 



n = n= 1 -t 
-t t^ 

V V 







/^ ^ 

10 



V 0/ 







1 + t^ 



(131) 



(132) 



T, 



/o \ 

10 



\^ y 







Tfi 



/o \ 


10 


\ y 
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Tr 



/o \ 





10 

\ 0/ 







T« 



/o \ 







\ 1/ 







(133) 



The ghost quadratic part is given by the matrix Xgh , 



Xgh = ^ {mlTi + mlT2 + mgTs) 



(134) 



Note that Xgh and has no spacetime indices. 

The matrix Xi is determined from the kinetic terms in the Lagrangian. There is the 
following kinetic term 



and also this 



Thus we get 



where 



I 



-— 5(V^0)A^a(O 1)T° 



V9l + lif2 



\ 



V^3 + i^A 



—I 

71 



^(v^^ 






-7^9 (V^0) (V?! - i(f2 (P3 - i^A) A^aT 



^^ 



72 



— ^ (V/^*; 



vv 

-4^3 (-V^3 + ^V^4) + ^M (^3 - ^t ip4) 



Xi = Xi^ = -V2 g V.0 T/ 



(135) 
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n 



(136) 



/ 1 \ 

10 
0-1 
t 
10 
10 

\0 -1 t ) 

We presented so far, for pedagogical reasons, how to calculate explicitly the various 
matrices. In summary, we first separate off any derivative terms already present in X, 
X = Xq + Xi. The eigenvalues of Xq are the squared particle masses mf. Projection 
matrices onto the accompanying eigenspaces are denoted by Tj. 

As in the previous chapter we can define new 11^ and O^ that satisfy similar expressions 
to P!1 and Q'f, . 



One now can easily guess that the expansion is : 



Ao = {Ant f^ Kit) 5^tr(T,) e""?* 



Li=i j=5 



(138) 



A^/iA-ntf^ = -it2^tr(T,V^V'^XoT,; 



$:%(trP+r^^'^/^)+E^^.- 



j=i 



i=5 



K,{t) 



-|t J]tr(T,V^V^XoT,)^% \K,{t)-Kf\t) 



i=i 



4 



+ K{t) 5^tr(T,V^XoT,V^XoT, 

i 

+ 1 [K(t)-K^^\t)) 5^tr(T,V^XoT,V^XoT,)5^5,fc x^,(t) + 

i,j fc=l 

4 

+i^(t) Y, tr (T.^i^j^iT^.) I] (5.fe + 5,k) [trP + e"/=^] X.,(t) + 



^ii(t) + 



*j 



fc=i 
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+ 7T5^tr(T,V^XoT,V^XoT,; 



«j 



tXijit) +/iy(t)+ 



y^^Sjk 



(139) 



fc=i 



It is also plain to compute 



tr [Tid^d^XoTi] = d^d^m\ , tr \T,d^X^T^d^X^T,\ = Si, {d^m^,) '' 



(140) 



while the non zero terms of Y2--tr[TiXiTjXiTi] are 

tr [TiXiTeXiTi] = tr [T^X.T.X^T^] = tr [T.X^T^X.T,] = tr [T,X^T^X,T,] = 2g' {d''<p) 
tr [T3X1T8X1T3] = tr [T4X1T8X1T4] = tr [TgXiTaXiTg] = 

= tr [T8X1T4X1T8] = 2g^ (1 + t^) (9^0)' . ( 



141^ 



From this point on, we can calculate directly the expressions Eq. p.38| , Eq. |139| and after 
some trivial algebra we finally compute, as in the previous chapter, the one loop corrections 
from the extra kinetic and potential terms, Eq. |107| , Eq. p.08| , at zero temperature and in 't 
Hooft gauge. 



B. High temperature limit 



As an example we present the results in Landau gauge {m 



mg = mg 



). Masses 



and temperature corrections for the boson sector are given below. The vector boson mass 
corrections which include only daisy type rings ||T[] are 



m'w' = mlm = ml{T) = ^g^T^ + 1/(1 + t^)T' + h^T^ 



rriw 



^2rTi2 



mi{T)=mi{T)=mi + -g'T\ 





ml, = ml{T) = i/T^ + 1/(1 + t')T' + \\'T\ 



m^ = m\{T) 
ml{T) 



m 



1 

2 

1 
oz = m;Cl') = - 

with M^ = ml + TTl + TT2 + t^m\ 



M^ - JM^ - 4 {ml ttI + ttI 7r2 + f^ml 7r2) 



M^ + A /M4 - 4 {ml ttI + ttI 7r2 + f^ml 7r2) 



(142) 
(143) 
(144) 
(145) 
(146) 

(147) 
(148) 
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where the relevant polarization tensors are given by |l[], 

vrl = TTun) = -t'g^T^ 7r2 = 'Ksu{2) = \g^T^ (149) 

It is straightforward now to calculate the Z^-^\(f),T) contribution to the action, from the 
modified Eq. ^ in the spirit of Eq. |138| and Eq. |139| , using the results in Eq. |140| and Eq. 



141. The fields contribute 



T _„ ,2 IT ,o» n2 1 T 



Z(i)(0,T) = -C, = {d^m^,f + {d^mz>f + {d^muf t^ + 

z47r in\Yi 487r uiz' 487r niH 

+ {d^rnwf ^^ + {d^m,f -^— + {d^mzf -^— + 
247r iTLw 487r m^ 487r mz 



-i {d'4>y 



2 11+2 



1 + t^ 1 + t 

+ + 



3T , , 



m^/i/ + ^m^/i/l mz + vrtz' m^ + rriz' 
We also present, for comparison, the kinetic term in Feynman gauge. It is given by 

Z(i)(0, T) = -cf ^^2^^) + 2C2^^^) (151) 

where the physical fields contribute 

^'iP^ys) ^ (5.^^,)2 T-l_ ^ , T-l_ ^ , T-8_ ^ 

ASir rriyyi 48tt ruz' 487r rriw 

,2 T -I ^ ,^^ ,2 T -4 



+ {d^mHY + {d^mzY + 

487r niH 487r mz 



while the ghost fields give 



T 1 T , ,, 1 



Tc mw + raw 27r m^ + wlz' 



(152) 



C?') = (a^mn.)' -|^^ + {d^mzf -^— . (153) 

487r my/ 487r m^ 

Note that the ring corrections are the appropriate for this gauge choice. 

Fermions do not contribute at this order. The advantage of using the ring corrected 
masses is that we get finite result for small values of the scalar field ||^ , |10[ . The negativity 



of the Z^^\ which is a signal of the breakdown of the pertubation theory happens for smaller 
value of compared with the previous results, [Q , |T^ . 

If we use the conventional approach of calculating the effective action, without including 
a quadratic source, then we recover the expression in |^, using the plasma mass terms and 
setting t = 0. 
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VI. FINAL REMARKS 

We developed this expansion method to cover fluctuation operators appearing from a 
general 't Hooft gauge fixing. The superiority of these gauges is discussed in |2^ . 

The aim of this work is to provide a powerful derivative expansion method that can be 
used easily by other researchers in a wide range of Lagrangians. An important feature of this 
derivative expansion method is that it can handle comphcated gauge groups. We applied as 
an example this method in the SU{2) x f/(l) group structured model. 

There is also another usefulness of the proposed method. Quantum corrections to soliton 
solutions can be found applying the developed derivative expansion technique. 

As we have already pointed out the finite temperature results are only indicative and 
performed for testing the method. The nonanalyticity of Feynman amplitudes at high 
temperatures make the derivative expansion not well defined [0 . Widely accepted improved 
results still are missing. 
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APPENDIX A: USEFUL INTEGRALS AND EXPANSIONS. 

Let's define the following integrals in momentum space. 

/oo 
dfi{k) e-^'' (Al) 

-oo 

and 

K,it) = Kit)e-"'"' (A2) 

One can then prove that 
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dfx{k) koh e-('='+™?)* = l.(i+p^] K,{t) (A3) 



and more general for n = 0, 1, 2... 

df,{k) {k,f-^' e-(^^+™?)* = ^ (2n + 1) + /5^ / rf/x(A;) (A;o)^" e"'^^* (A4) 
where 

k'' = f + kl (A5) 



A; is the spatial part of the vector k. The one loop corrections can be expressed in terms of 
the zeta function defined below, 

0(x,p,s) = aPrs) = Y{s)j^ '^"'^'"' / '^^^^^ e-('='+™?)* (A6) 

where the i subscript in 0(^5^) does not represent derivative but the index associated 
with the mass irii . The following recursion relation helps to relate the above function with 

0(0,s). 



d_ 

dmf 



Q{p+l,s) = -—^Q{p,s) (AT) 



The value of Q{0,s) at s = is defined by analytic continuation. Performing a high temper- 
ature expansion {m/T << 1) we recover the well known free energy density of an ensemble 
of bosons or fermions. For bosons we find 

C'(0,0) ^ ^T^ _!!It^ + ^T + ^ In m - ^Ck(3)4 (A8) 

^'^ ' ^ 45 12 671 327r2 \T^ J 3847r4^^ ' T^ ^ ' 

and for fermions 

^^^°'°) " ^45^ + 24 ^ + 32^ ^" It^J - 384;^^^(^) T^ ^"^^^ 

Now we will evaluate the function x'iji^) for bosons, defined below using the previous 
formulae. 
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xm 



m "^ d 
3 ds 



Vis) 



/i^^ / dtf~H (e-""^' - e-"''A / dfiik) k-^e 



-2-k^t 



m 



-—m 
3 



-2[C'(2,0)-C;(2,0 



^ -1 T _, 

— m, m, 

8n ' 8n ^ 



T 



(AlO) 



12ti mi + rrij rriimj 

In the same way we will calculate the function p^(0) (bosons). We always try to rewrite 
it, using the recursion equations, in terms of Ci(0,0). 

1 



^^^°) = "3^ 



Vis] 



fij^ / dtf-He-"^^' / dfiik) k-'e 



-2„~k^t 



s=0 



It contains the following integral. 



Kpii 



1= dfiik) k-^e-^'' = J2 47re~''« 



The integral in the last equation can be evaluated. 



dk k 



2 1 



-k^t 



T-2 7 
k + kn 



dk k — e ''* = -./ koe 



where 



t2 , 

k + ko 



^(x) 



2 V t 2 



2 ,A 2V^+i 



1 - ^Vtko) 



E 

A=0 



is the probability integral. It is also true that 



,-r-r2 _P 



Iq = I dk k e 
'o 



k t 



(2A+1)!! 



1 h 



Aty t 



Combining all together we get 



Z 



Aire « 



/c,,c 



(3 {2 



n 



-^2t Iq - A-K 



1 vr ( 2'Kn 



/9(27r)'2 V /3 



1 TT 



(All) 



(A12) 



y^ Atx ^-A;o$(v^/co) 



/ = 2t / rf/x(A;) e-^'^ +'=»)* + 



2,, ^ 47r TT, 2 ,.,A2^t(2A+l)/2^2A+l 



z^ 



/5 (27r)' 2 



^ A=0 



(2A + 1)!! 



/oo _2 '^ oAj-A+I /-oo _2 

rf/x(A;) e-^'^ +'=")* + + V -7^^—rrM / rf/i(A;) A;2^+2g-(/c +fcg)t (^13) 

-oo 7^ (2A+ 1)!! j^^ 
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oo 2A+2^A+2 ^ 



We can proceed further using equation Eq. 

CO 

/ = 2tK{t) + Y^ 
Finally 



A=0 



(2A + l)!!(2t)^+i 



(2A+l)+4),. 



■1^+4 



K{t) . (A14) 



4 4 ~ ((2A + l)+/3^) 



{l + P 



A=0 



(2A + 1)!! 



C'(2,0) 



T 1 11 ^((2A+l)+/3i)...(l+/3f) 



67r rrii Gvr r/i, 



E 

A=0 



(2A + 1)!! 



T 1 



(A15) 



So far we ignored the renormalisation scale in the zeta function for simplicity. A useful 
definition for zero temperatures, is the following function 



1 /-OO _ ,„2 

J- l-^J Jo 



From the definition of the Gamma functions we can find that 



C(m2,0,s) 



1 fm 



ns) \fii 



2\-s 



-^ r s) 



(A16) 



CK,o,s) 



2 \ ~s / 2 

\ I 



C'K,o,o) 



ln(!^ 



It is obvious from the analogous recursion equation to Eq. |A7|, that 



(A17) 



C'K, 1,0) = -^ 



m^ 



We also can get 



C(m2,-l,s) 



:/^R- 



r sV "s-1 



771 J. 

-e '-R 



Ffsl 



-m 



rft e "fl 

s-1 



(A18) 
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s-1 



m C{m , 0,s) 



C'(m^ -1,0) = -m^ + m^n ( ^ 






(A19) 



In the same way 



C(m ,-2,s) = —^m C{m , -l,s) 



C'K, -2,^) 



- — —^m^ c("^^ -i,s) + ^71^"^^ c'("^^ -i,s) 

yS — 2 J s Z, 



1 



C'(m2,-2,0) = ^m^ 



3 -, ( rn 



/^R/J 



(A20) 



APPENDIX B: SECOND ORDER TERM 

Here we compute the second order term in the generahzed derivative expansion. We get 
from Eq. H that 






r =ai tti 



(Bl) 
(B2) 



«j 



s= -5^r,Xo,pT,(5''aieH-'"?)' 



M7 



r ^ T^Xi^pTj eH-'"?)* (B3) 



«.j 



«j 



What we want now to calculate is the An functions from expression Eq. 12. Thus we 
will calculate the functions tT[KQ{k,:K,t) an{k,:K,t)] . Since we are not interested for the Ai 
term we will ignore it. 

tT[Ko{k, x,t) q] = - (^6^^ - hfk^t] e (trP) J] tr (T,Xo,p.T,) e-'^'^e"'"?* - 
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+e-"'"'J2^TiT,Xo,,.T,)^P 



pa 



-t (e-'^'* + e-?"''^'* 



2^g-fc^t + 



fc2(^-l) 



+ .:.^e-^-'^'^ 



kHi-iy 



Integrating we found 



fdfi{k)tT[Ko{k,^,t)q] = -it2(trP)5^tr(T,V,V^XoT,) K,{t) - 
•^ i 

i 

~tY,tT{T,VpV'XoTi) K,{t) + 

i 

+|t5^tr(T,VpV^XoT,) K^it) 



(B4) 



(B5) 



where 



K,{t) = / dfiik) e-^'e-""^' = K{t) e 



-mjt 



(B6) 



K,{t) 



dfiik) i-e-'^'^e-™?* = K(t) e 



-mjt 



(B7) 



and 



Kf{t) = K^^\t). 



-mft 



dfj,{k) 



_Pg-r^fc^t+ 



J__ 4 

fc4 (1 



(^3^sinh(f(l-r^)t)e-#(i+^-^)* 
From the above definitions it is easy to check that 



g-m.2t 



fB8) 



fore = KP{t)=0 



(B9) 



fore=l KP{t) = K,{t) 



(BIO) 



From the second term of 02 get 
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where 



tilKoik, x,t)r] 



-ik^k" 



cO 



3 ~'~ lirP 









-^ij e 



-Zije 



~kH 



t-g{m^)-g{k\l-i-^)) + 



-mjt 



m^ 



-k'^t 



-Z^.e-^-'^' 



+Zije 



-?-lfc2t 



4 - g{m') + g(-k\l - r')) + 
+g{m' + k\l - r')) 

_t + g{m')+g{-e{l-r')y 
t + g{m^)-g{k\l-i-^))- 

-g{m' - k\l - r')) 



-mjt 



m2 + A;2(l-^-i^ 



mjt 



m^ 



e-'"i' + 



~mjt 



-m2 + A;2( 1-^-1 



-e~"'"^ + 



+ 



tr (P) 6-'='*+ 



5/,, [t-g( 



m 



m 



1 _ 2 

_g-™»* _|_ Qfifi terms 



(Bll) 



Z,,, = k-^P^'^'^Sl^ = A;-=^P'^'^5^tr(T,Xo,pT,Xo,<,T,; 



«j 



The odd terms, proportional to k^ do not survive after the integration 
/ (i/i(A;) tr[i^o(^5X,t) r] 



(B12) 



(B13) 



t -> 'J jyi^ 



f I t 



3 ~'~ 2m2 



+ 



+k.i^^w^K)(i + r^"''') + 



3 *'^m 
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2.0 1 



U^M—2^^(t) 9{m' 



3 ''^m 






+ 



+-Sl {g{m') + t) [-Mm', t) + A,(-m^ CH)] + 



where 



2^0 e 
3 ^'^i-l 



-A,K, (2 - r') t) - A,(-m2, (2r' - 1) t) 



+ 






+6™'* [A/'i(m2, ^-H) + Ni{-m'^, t)] 



-ltslK,it):L + ltslKPit) ^ 



711? 3 



m^ 



[t^{P) + e"]Sl—,Ut){t-g{m')) 



Ai{m^,t) 
Ai(m^t) 



dfi{k) k 

X) 

o 

dfi{k) k~ 
dji{k) k~'^ 



m? 

4 


+ A;2(1- 
1 


-e- 


-)^ 


m^ 


+fc2(l- 
1 


-e- 


-^)^ 



K + A;2(l - ^-1)]^ 



^~kH^-m1t 



g kH^-mlt 



^^kH^-m\t 



We focus now on the third term of 02, 

tr[i^o(A;,x,t)s] 
tr (P) e-^'*+ 



co 



2 ~'~ n? 

— q( Tfl ] 



m 



\e-^^' + 



+ {-e''^' + e-^-^'^^*) Z,, [-g{m') + g{k\l - C'))] 



mjt 



e "-i 



(B14) 

(B15) 
(B16) 
(BIT) 



-m2 + P(l-^-i; 



+ 



+odd terms 



-mft 



m2 + A;2(l-^-i; 



(B18) 
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and after the integration 



dfi{k) trlKQ^k, x,t) s] 






V_ _| t 



+ 



+;5° ^ 



2 



+ fh9im') 



-2A,(-m2, ^'H) + \i{-m^, t) + K{-m^ , (2^^^ - 1) i) + 
+A,(m2, (2 - r') i) - 2A.K, t) + A,K, ^ ^t) 

Ai(-m2,t)-A,(-m2,r'i) 
+K{m\t)+ki{ni',i-H) 



+ 



(B19) 



The contribution of the fourth term w; , of 02 is zero because the trace gives a function 
proportional to k^ . 

Finally from Eq. ^^, Eq. pi4| , Eq. |B19| after considerable cancellations, we find through 
the expression Eq. |1^ that in 't Hooft gauge the first terms of the derivative expansion are 
given by expression Eq. p9], Eq. ETI. 
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